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Abstract
If a (possibly .nite) compact Lie group acts e0ectively, locally linearly, and homologically trivially on
a closed, simply connected four-manifold M with b2(M)¿ 3, then it must be isomorphic to a subgroup
of S1 × S1, and the action must have nonempty .xed-point set.
Our results strengthen and complement recent work by Edmonds, Hambleton and Lee, and Wilczy9nski,
among others. Our tools include representation theory, .nite group theory, and Borel equivariant coho-
mology. ? 2002 Elsevier Science Ltd. All rights reserved.
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1. Introduction
By well-known constructions, any .nitely presented group can be realized as the fundamental
group of a closed four-manifold. Any such group thus acts by covering transformations on
some simply connected four-manifold M . This action is free, so if G is .nite, the Lefschetz
.xed-point theorem implies that it must have a faithful representation on H ∗(M). In contrast,
it is natural to ask which groups admit homologically trivial (and hence non-free) actions on
simply connected four-manifolds. The results of this paper provide a nearly complete answer.
Our methods combine cohomological considerations with local geometric ones, so in fact our
results apply equally well to manifolds with perfect fundamental groups.
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Theorem 16. Let G be a (possibly 0nite) compact Lie group, and suppose M is a closed
four-manifold with H1(M ;Z) = 0 and b2(M) ¿ 2; equipped with an e3ective, locally linear,
homologically trivial G-action.
(1) If b2(M) = 2 and Fix(G) = ∅; then G is isomorphic to a subgroup of S1 × S1.
(2) If b2(M)¿ 3; then G is isomorphic to a subgroup of S1 × S1; and Fix(G) is necessarily
nonempty.
The case of Zp×Zp actions is treated in detail in [14], and here we apply one result of that
paper to study actions of non-abelian groups which contain a rank two abelian subgroup.
Each simply connected four-manifold with b2(M)6 1 admits actions by non-abelian groups,
as do S2×S2; CP2#−CP2, and ĈP2#−CP2. On the other hand, results of Hambleton and Lee
show that the only groups which act smoothly and homologically trivially on smooth manifolds
homeomorphic to CP2 #CP2 are abelian of rank 6 2. By combining our main theorem with
some extra information provided by the Atiyah–Singer G-signature theorem, we extend this
result to the locally linear case. The question of exactly which non-abelian groups can act on
each of the other “small” manifolds has been treated to some extent by various authors, and
we summarize their results below.
The main technical tool in our arguments is Borel equivariant cohomology, which associates
to a G-space X a graded cohomology module H ∗G(X ). If M is a four-manifold and 
 ⊂ M
is the set of points with non-trivial isotropy groups, then the inclusion of 
 in M induces an
isomorphism H ∗G(M)
∼=→H ∗G(
) in degrees .ve and higher. We therefore rule out the possibility
of G-actions by showing that these modules cannot be isomorphic.
To use this observation to prove a theorem of any generality, we must .rst make judicious
choices of groups G to study, and then understand the G-spaces M and 
 suMciently well
to carry out cohomology calculations. The appropriate choices for G are determined by an
algebraic classi.cation of minimal non-abelian .nite groups. The assumption of homological
triviality makes H ∗G(M) relatively easy to compute. On the other hand, results of Edmonds
show that 
 is a union of isolated points and (possibly intersecting) 2-spheres. Knowing this, the
representation theory of G and its subgroups can be used to study the possible arrangements of
spheres near any intersection points, and thus to understand the global structure and equivariant
cohomology of 
.
Earlier work on the sort of problem we consider includes that of Edmonds, Hambleton and
Lee, and Wilczy9nski. Wilczy9nski [21] showed in 1987 that the only groups which can act
locally linearly on CP2 are the subgroups of PGL(3;C), and his work also applies to manifolds
with homology isomorphic to that of CP2. At approximately the same time, Hambleton and
Lee [8] proved a similar result for .nite groups. Later, their 1995 paper [9] used equivariant
gauge theory to re-prove this result for smooth actions and showed much more generally that
if M is homeomorphic to a connected sum of n¿ 1 copies of CP2 and G acts smoothly
and homologically trivially, then G must be abelian of rank 6 2. Edmonds’s recent paper [7]
inspired the present work, and included our main result as a conjecture. He shows that if a .nite
group G acts homologically trivially, locally linearly, and pseudofreely (i.e. with a singular
set consisting only of isolated points) on a simply connected four-manifold M with second
Betti number at least three, then G must be cyclic. We recover his result as a corollary of
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Theorem 16. But in the pseudofree case, our proof reduces essentially to his, and is not a
fundamentally di0erent argument. Finally, note that the Betti number requirement in that theorem
is necessary: in [12], we consider the case of S2 × S2, where more complicated groups arise.
1.1. Structure of the paper
We begin in Section 2 with some examples and basic observations. In the next section, we
briePy review the construction of Borel equivariant cohomology and describe its application to
the problem at hand. Section 4 contains a classi.cation of minimal non-abelian .nite groups
and provides the framework of our argument. They are naturally divided into rank one groups,
which have periodic cohomology, and groups of rank two and higher, whose actions can be
analyzed via their elementary abelian subgroups using the results of [14]. These two analyses
follow, and in the last section we gather the ingredients and prove the main theorem and two
corollaries.
2. A few examples and basic results
In this section we present a small collection of examples to indicate some of the range of
possible structures for the singular set (denoted in general by 
) of a locally linear group
action. We then see that the added assumption of homological triviality places surprisingly
strong restrictions on 
. We recall two important results which we shall use often: .rst, a
version of the Lefschetz Fixed-point Theorem (compare tom Dieck [18, p. 225]).
Theorem 1. Let g: X → X be a periodic; locally linear map on a compact manifold X . Then
(Fix(g)) = (g):=
dim X∑
i=0
(−1)iTraceH∗(g)|Hi(X;Q):
Notice in particular that if g acts trivially on homology, (Fix(g))=(X ). Also recall a theorem
of Edmonds [6]: (The original theorem is stated only for simply connected manifolds, but the
proof applies just as well whenever H1(M ;Z) = 0:)
Theorem 2. Let 〈g〉 be a cyclic group of prime order p which acts; preserving orientation;
on a closed four-manifold M with H1(M) = 0. If Fix(g) is not purely 2-dimensional; then
the 2-dimensional components of Fix(g) represent independent elements of H2(M ;Zp). If it
is purely two-dimensional; and has k two-dimensional components, then the two-dimensional
components span a subspace of H2(M ;Zp) of dimension at least k − 1; with any k − 1 com-
ponents representing independent elements.
If the action of G on M is locally linear and preserves orientation, then the .xed-point set of
each g ∈ G will be a submanifold, each component of which has even codimension. But their
dimensions need not be equal.
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Example. Let n be odd. We construct a Zn action on S2 × S2: Begin with an action of g on
D4 by g(z; w) = (z; w), where = e(2i=n). Along the .xed S1 ⊂ @D4, add a 2-handle with the
same action and framing 0, using the equivariant attaching map f0 : S1×D2 → S3 which simply
sends (z; w) to (z; w). Next, let g act on another 2-handle via (z; w) → (z; −2w). With respect
to this action, the framing 2 attaching map f2(z; w)=(z; z2w) is equivariant. Use it to attach the
second 2-handle, linking the .rst once. In the boundary of the quotient, attaching this 2-handle
amounts to 2-surgery on S2 × S1, so the result is a lens space. Thus the action can be capped
o0 upstairs with a 4-ball on which g acts linearly, with an isolated .xed point. The resulting
manifold is easily seen to be a copy of S2 × S2, and the action has a .xed-point set consisting
of two isolated points and a 2-sphere.
In contrast, Edmonds shows in [6] that every component of the .xed-point set of an involution
on a simply connected spin 4-manifold has the same dimension. Notice also that the .xed
point set of any cyclic subgroup of SO(3) × SO(3) is a product of spheres, so the action
we have constructed is not equivalent to a “linear” one. (It is, however, a Hirzebruch surface
automorphism.)
Corollary 3. If the singular set of a cyclic group action on S2× S2 consists of two 2-spheres;
the two spheres need not have the same isotropy groups.
Proof. Simply carry out the above construction with a g of order 2n. Then Fix(g) = S2 ∪ S0,
but Fix(gn) = S2 ∪ S2.
Example. Let  denote a rePection through an equator on S2. Then the .xed-point set of the
diagonal Z2 action (; ) on S2×S2 is a torus. By taking equivariant connected sums #gi=1S2×S2,
we obtain actions whose .xed point sets are oriented surfaces of any genus.
Example.  be as above, and let rn be a rotation of 2=n radians around an axis meeting the
equator. Consider actions on S2×S2. If g=(; ), and h=(1; rn), then Fix(g)∩Fix(h) ∼= S1∪S1.
Also, 〈g; h〉 ∼= Dn.
Homologically trivial actions are simpler: by the Lefschetz .xed-point theorem, for each g ∈
G which acts homologically trivially, (Fix(g))=(M)=b2(M)+2. By [6], b1(Fix(g))=0, so
the .xed-point set of each element is a union of 2-spheres and isolated points. The intersections
of .xed-point sets are also easy to describe (cf. [1, 4.8], [8, 2.3]):
Proposition 4. Let G act locally linearly and homologically trivially on a closed, simply con-
nected 4-manifold M with b2(M)¿ 1. No isotropy representation can reverse orientation on a
singular 2-plane in a neighborhood of its 0xed point. Thus the intersection of the 0xed-point
sets of any g; h ∈ G consists of a (possibly empty) set of 2-spheres and isolated points.
Proof. It follows from Theorem 2 that when b2(M) ¿ 1, any 2-sphere component of the
.xed-point set of a cyclic group action represents a nontrivial element of H2(M). A singular
2-plane near a .xed point is part of a singular S2, and if the group action were to reverse
orientation locally, it would send [S2] to −[S2].
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For the second claim, we need to rule out the possibility that Fix(g) ∩ Fix(h) contains
one-dimensional components. Suppose for a contradiction that S is a circle component of
Fix(g) ∩ Fix(h). We may assume G = 〈g; h〉. By local linearity, G acts preserving orienta-
tion on the linking sphere S2 to S, so G is polyhedral. Moreover, the stabilizer of each point
on S2 is cyclic. If G itself is cyclic, it has a global .xed point on S2, and hence Fix(G;M) is
two-dimensional near S. Otherwise, for any non-cyclic subgroup H of G; S is also a component
of Fix(H;M). Since D2 is a subgroup of each of Tet; Oct; Icos, and Dn, for n even, it suMces
to rule out dihedral groups. But in a Dn action on S2, an involution reverses the orientation on
the order n axis of rotation, which in turn reverses the orientation on the .xed sphere of the
group element of order n.
This proposition places a strong restriction on the allowable linear representations of isotropy
groups, and eventually on the groups themselves, as we shall see.
3. The Borel "bration, equivariant cohomology, and the Borel spectral sequence
None of the material in this section is new; we include it to .x notation and for the conve-
nience of the reader. For a more thorough discussion, see [4,18], or the original source [3].
Let G be a compact Lie group, let X be a G-space, and let 
 denote the singular set of the
group action. If EG is a contractible, G-CW complex on which G acts freely, then BG=EG=G is
a classifying space for G-bundles. We form the twisted product XG=EG×G X=(EG×X )=G. The
“Borel .bering” X → XG p→BG is naturally induced by the projection EG×X → EG. A similar
construction applies to the singular set 
. The equivariant cohomology H ∗G(X ) of the G-space
X is de.ned as H ∗(XG) (singular cohomology). Similarly, H ∗G(X; A):=H
∗(XG; AG) whenever A
is a closed, G-invariant subspace of X . With these de.nitions, H ∗G is a cohomology theory
satisfying appropriate versions of the Eilenberg–Steenrod axioms. Moreover, H ∗G(X ) inherits an
H ∗(G)-module structure: When a ∈ H ∗(BG) and x ∈ H ∗G(X ), we de.ne ax = p∗(a) ∪ x.
Whenever X is a G-space, we can apply the Leray–Serre spectral sequence to the .bration
XG → BG. Thus
Ei;j2 (X ) =H
i(BG;Hj(X ))⇒ Hi+j(XG)
as a sequence of bigraded di0erential H ∗(BG)-algebras. The product in E2 corresponds to the
cup product in H ∗(BG;H ∗(X )) (with local coeMcients). In particular, if X is connected, Ei;0 is
naturally identi.ed via p∗ with H ∗(BG). The products and di0erentials in the spectral sequence
E(X ) are compatible with the H ∗(G)-module structure of H ∗(XG). For details, see Whitehead
[20, XIII.8]. There are appropriate versions of this spectral sequence for pairs (X; A) whenever
A is closed and G-invariant. Henceforth we shall refer to the Leray–Serre spectral sequence of
the Borel .bration simply as the Borel spectral sequence.
The following observation is made in [6,7] in certain forms, but we include a short proof
here for convenience.
Lemma 5. Let M be a 4-manifold with a locally linear G-action; and let 
 be its singular
set. Then HnG(M) ∼= HnG(
) for n¿ 4.
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Proof. It follows from results of Spanier [17, 6.6.2 and 6.9.5] that 
 is tautly embedded in
M . Thus we have an isomorphism lim→ H
∗
G(M;U ) ∼= H ∗G(M;
), as U varies over invariant
neighborhoods of 
. Now consider the projection M×EG → M . If we quotient by the G-action,
we obtain a map p :MG → M=G such that for any x ∈ M=G; p−1(x) ∼= BGx. In particular,
when restricted to the complement of the singular set, p becomes a .bration with contractible
.ber. A trivial application of the relative spectral sequence of this .bration then shows that
Hn((M − 
)G; (U − 
)G) ∼= Hn((M − 
)=G; (U − 
)=G) for all n, whenever U is an invariant
open neighborhood of 
. By excision again, the latter group is isomorphic to Hn(M=G;U=G).
But since M is four-dimensional, Hn(M=G;U=G) is trivial for n¿ 4. The lemma follows from
the long exact cohomology sequence of the pair (M;A) and tautness.
To exploit the isomorphism HnG(M) ∼= HnG(
), we need to better understand the topology of
the singular set as a G-space and study certain aspects of the spectral sequences in detail.
Let j : X → EG ×G X be the inclusion of a typical .ber into XG, and let A be a closed,
G-invariant subspace of X . According to tom Dieck [18, III.1.18], we have:
Proposition 6. Suppose H ∗(X; A;R) is a 0nitely generated, free R-module. If G acts triv-
ially on H ∗(X; A) and the Borel spectral sequence E(X; A) collapses, then H ∗G(X; A) is a free
H ∗(BG)-module. Any set (x'|' ∈ J ); x' ∈ H ∗G(X; A); such that (j∗x'|' ∈ J ) is an R-basis of
H ∗(X; A); can be taken as an H ∗(BG)-basis.
If M has cohomology in only even dimensions and G, only in odd dimensions, then the
spectral sequence will collapse automatically.
Corollary 7. Suppose G acts locally linearly and homologically trivially on a closed 4-manifold
M with H1(M)=0. If H ∗(G) vanishes in odd dimensions, then H ∗G(M) is a free H
∗(G) module
on b2(M) + 2 generators corresponding to generators for H ∗(M).
We will also need to consider the spectral sequence for the singular set 
. It suMces to
consider, one at a time, the subspaces GX , where X is a path-component of 
. Such a subspace
will henceforth be referred to as a G-component of 
.
4. Minimal non-abelian groups
In this section we classify the .nite non-abelian groups of which every proper subgroup
is abelian. The task of classi.cation is not as diMcult as one might guess. In particular, by
requiring that every proper subgroup be abelian, rather than only the proper normal subgroups,
we bypass algebraic questions about simple groups. We begin with a lemma:
Lemma 8. Let K be a 0nite abelian p-group; and suppose there exists an automorphism * of
K of prime order q = p; so that the resulting representation of Zq on every invariant proper
subgroup of K is trivial. Then K has exponent p.
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Proof. The group operation in K will be written additively. Write K ∼= Zpn1 ×· · ·×Zpnk , where
n1 ¿ n2 ¿ · · ·¿ nk , and let a1; : : : ; ak be generators of the factors in this decomposition.
Let S = {x ∈ K | order(x)¡pn1}. Observe that S must be invariant under *, so *|S is trivial.
If n1 = 1, then K has exponent p, and the proof is complete. So assume n1 ¿ 1. In this case,
{x ∈ K |px = 0} ⊆ S.
Write *(a1) = -1a1 + -2a2 + · · ·+ -kak , where -i ∈ Zpni . Then *(pa1) =p-1a1 + · · ·+p-kak .
On the other hand, pa1 ∈ S, so *(pa1) = pa1, and p-2a2 = · · · = p-kak = 0, so we have
*(a1) = -1a1 + x, where x ∈ S and -1 ≡ 1 (modpn1−1).
Now, *q(a1) = -
q
1a1 + (-
q−1
1 + · · · + -1 + 1)x. But * has order q, so *q(a1) = a1. Hence
-q1 ≡ 1 (modpn1).
Since -1 ≡ 1 (modpn1−1), we have -1 = mpn1−1 + 1 for some m. Then by the binomial
theorem,
-q1 =
q∑
i=0
(
q
i
)
(mpn1−1)i ≡ 1 (modpn1):
But pn1 divides all the terms with i¿ 1, and the i = 0 term is 1. So pn1 |qmpn1−1, and then
p|m. Hence -1 ≡ 1 (modpn1). Now *q(a1) = a1 + qx = a1, so qx = 0. Since (p; q) = 1, x = 0,
so *(a1) = a1. The same argument applies to any other element of order pn1 , so * is trivial on
all of K and hence cannot have order q.
Proposition 9. Let G be a 0nite nonabelian group; every proper subgroup of which is abelian.
Then G is one of:
(1) A minimal nonabelian p-group
(2) (Zp × · · · × Zp)oZqn ;
where p and q are distinct primes; and n¿ 1.
Proof. Recall a theorem of Burnside (see [16, Theorem 7:50]): If Q is a Sylow q-subgroup of
a .nite group G such that Q ⊂ Z(NG(Q)), then Q has a normal complement K .
Assume G is not a p-group. Then every Sylow subgroup is proper, and hence abelian. If
each Sylow subgroup is normal, then G must be abelian. So suppose Q is a Sylow q-subgroup
which is not normal in G. Then NG(Q) must be abelian, so Q ⊂ Z(NG(Q)), and Burnside’s
theorem gives us a normal complement K such that G ∼= K o Q. Observe that for any other
p = q, a Sylow p-subgroup will be contained in K and hence be normal in G.
By minimality, K must be a p-group. Also by minimality, Q must be cyclic, say of order
qn, and the semidirect product automorphism * must have order q. One more application of
minimality shows that * must be trivial on any proper submodule of K , and then the lemma
applies.
Example. It is natural to wonder about rank restrictions on the subgroup K in case 2. Rank one
examples exist whenever q|(p−1). Tet ∼= (Z2×Z2)oZ3 is a familiar rank two example. More
generally, note that |Aut(Zp × Zp)|= (p2 − 1)(p2 − p) = (p− 1)2p(p+ 1), and so an order q
automorphism * exists for any prime q dividing p−1 or p+1. Moreover, if q is an odd prime
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dividing p+1, it will not divide p− 1, and hence a * of order q cannot restrict to a nontrivial
automorphism of a cyclic subgroup of Zp × Zp. So the resulting groups (Zp × Zp)oZq give
plenty of examples with rank two kernel.
This simple argument can also be used to produce examples with higher rank kernel. Notice
that |Aut((Zp)k)|= (pk − 1)(pk − p) · · · (pk − pk−1), and the .rst term of this product factors
further as (p− 1)(pk−1 +pk−2 + · · ·+1). So whenever ∑k−1i=0 pi has a prime factor which does
not divide p − 1 or any smaller ∑k′−1i=0 pi there will be a minimal nonabelian group of type 2
whose kernel K has rank k. (Z3 × Z3 × Z3)oZ13 is an example with k = 3. In any case, only
the ranks 1 and 2 will concern us in applications.
The minimal non-abelian p-groups are classi.ed. According to Yagita [23], who in turn cites
Redei [15], they are of two types when p is an odd prime (This classi.cation can actually be
proven using arguments similar to those in the proofs above):
Type 1. G1(m; n; p) = 〈a; b | apm = bpn = 1; [a; b] = apm−1 ; m ¿ 2〉. Thus G1 ∼= 〈a〉o 〈b〉, with
a semidirect product automorphism *(a) = b−1ab= aapm−1 .
Type 2. G2(m; n; p)=〈a; b; c | apm =bpn =cp=1; [a; b]=c; [c; a]=[c; b]=1〉. Observe that when
one of m or n (say m) is greater than 1, G2 contains a rank three abelian subgroup generated
by ap, b, and c. G2(1; 1; p) is of the form 〈a; c〉o 〈b〉, where *(a) = ac.
When p=2, G1(2; 1; 2) ∼= G2(1; 1; 2) ∼= D4, and there is exactly one more, the usual quaternion
group D∗2 = 〈a; b | a4 = 1; a2 = b2; [a; b] = a2〉.
For future reference, it is useful to organize the minimal non-abelian groups according to the
rank of their elementary abelian subgroups:
(1) In rank 1, we have the groups ZpoZqn and the quaternions, D∗2. These groups have periodic
cohomology. Of the rank one groups, the dihedral groups Dp, with p an odd prime, will
play a special role for us, as their irreducible real representations are two-dimensional and
not free.
(2) In rank 2, the groups take the form (Zp × Zp)o Zqn , Zpm o Zpn (i.e. G1(m; n; p), when
m¿ 2), or (Zp×Zp)oZp. The important fact here is that in each case, there is a normal
rank two subgroup.
(3) In rank 3 and higher, the precise structure will be unimportant for us.
5. The rank one case
The quaternion group D∗2 is a minimal non-abelian group of rank one; according to our
classi.cation, all of the others have the form G = ZpoZqn . Fix generators a and b for the Zp
and Zqn factors, respectively, and recall that * denotes the automorphism of Zp induced by
conjugation by b.
We will need an explicit calculation of the cohomology groups of G. Recall that the integral
cohomology of Zp is generated by a class t ∈ H 2(Zp;Z). In fact, if 4 :H 1(Zp;Zp)→ H 2(Zp;Z)
is the Bockstein homomorphism, and s(a) = 1, then t = 4(s).
M.P. McCooey / Topology 41 (2002) 835–851 843
Let *(a)=ka, where k ∈ Z∗p and kq ≡ 1 (modp). Then *∗(t)=kt, so *∗(ti)=kiti. In particular,
the only powers of t .xed by *∗ are those which are divisible by q. Hence
H 0(Zqn ;Hj(Zp)) ∼=
Z if j = 0;Zp if j ≡ 0 (mod 2q) and i¿ 0;0 otherwise:
With this in mind, the Hochschild–Serre spectral sequence shows that
Hi(Zp oZqn ;Z) ∼=

Z if i = 0;
Zqn if i is even; but q - i;
Zp ⊕ Zqn if i ≡ 0 (mod 2q);
0 otherwise:
A similar calculation applies to D∗2, and yields
Hi(D∗2;Z) ∼=

Z if i = 0;
Z2 ⊕ Z2 if i ≡ 2 (mod 4)
Z8 if i ≡ 0 (mod 4); and i¿ 0;
0 otherwise:
Each of the rank one groups has periodic cohomology, and this periodicity is rePected in
the structure of the equivariant cohomology modules H ∗G(M) and H
∗
G(
). The details of the
arguments vary as G does, so we consider three cases:
(1) G = ZpoZq, with q¿ 2.
(2) G = ZpoZqn , with n¿ 1; also G =D∗2.
(3) The dihedral group G =Dp.
Lemma 10. If G = ZpoZqn ⊂ SO(4); then q= 2.
Proof. The subgroup G0 = 〈a; bq〉 is cyclic, and by the Brauer theorem on induced characters,
each irreducible complex representation takes the form IndGG0(V ), where V is a complex rep-
resentation of G0. In particular, each faithful one has dimension q. Now, if G ⊂ SO(4), then
it has a representation on C4 = R4 ⊗ C which splits as a sum of irreducibles. Since G is not
a nontrivial direct product, at least one must be faithful, so q 6 4. And if q = 3, G would
necessarily have a three-dimensional real representation. But the .nite subgroups of O(3) are
well known, and ZpoZ3n is not among them.
Next, we recall some terminology and one basic result about the cohomology of groups. (See
[5] for details.) Suppose G is a group, H ⊂ G a subgroup, and M an H -module. We write
ZG ⊗ZH M = IndGH M
and
HomZH (ZG;M) = CoindGH M:
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When G is .nite (or more generally, when (G :H) is .nite),
CoindGH M ∼= IndGH M ∼=
⊕
g∈G=H
gM:
The following lemma is elementary, but exceedingly useful:
Lemma 11 (Shapiro’s Lemma). If H ⊆ G and M is an H -module; then the composition
H ∗(G; CoindGH M)
r∗→H ∗(H ; CoindGH M) ∗→H ∗(H ;M)
is an isomorphism; where r :H ,→ G is the inclusion; and  : CoindGH M → M is the canonical
projection given by (’) = ’(1).
In particular, the Shapiro isomorphism induces an H ∗(G)-module structure on H ∗(H). Let
a ∈ H ∗(G) and x ∈ H ∗(H). Tracing through the de.nitions and using the naturality properties
of the cup product, we .nd that ax = r∗(a) ∪ x:
Now suppose G = ZpoZq acts on M , with q¿ 2. Lemma 10 shows that G has no .xed
points. If 〈a〉 were to .x a 2-sphere, G would act on it with a .xed point, so Fix(a) must
consist only of b2 + 2 isolated points, permuted freely by Zq. Let m= (b2 + 2)=q.
Fix(b) will contain, say, n1 isolated points and n2 2-spheres. Each of these will form part of
a free Zp-orbit. It follows that
Hj(
;Z) ∼=
{
CoindG〈a〉(Zm)⊕ CoindG〈b〉(Zn1+n2) if j = 0;
CoindG〈b〉(Zn2) if j = 2;
whence, by Shapiro’s lemma,
Hi(G;Hj(
)) ∼=
{
Hi(Zp)m ⊕Hi(Zq)n1+n2 if j = 0;
H i(Zq)n2 if j = 2:
The Borel spectral sequence then shows that in degrees ¿ 4; GR(HiG(
)) has period 2 as a
graded group. On the other hand, since H ∗(G) has period 2q, Corollary 7 implies that H ∗G(M)
must have a period which is divisible by q. So G = Zp oZq cannot act as we supposed.
Next, consider G = Zp o Zqn , with n¿ 1. According to Wolf [22, 5:5:10], every
faithful representation of G is free, so if G has a .xed point, it must be isolated (and q=2 by
Lemma 10).
On the other hand, if some point x0 is .xed by the cyclic subgroup G0 generated by abq, then,
since (abq)p ⊂ 〈bq〉, x0 ∈ Fix(bq)\Fix(b). This is possible only if Fix(bq) is two-dimensional
around x0. Thus x0 is contained in a 2-sphere S, and G=〈bq〉 ∼= ZpoZq must act e0ectively
upon it. Again, this is only possible if q= 2.
Thus G = ZpoZ2n , and the singular set consists of, say, n1 isolated .xed points and n2
2-spheres. Each point and each sphere is invariant under G, so the action of G is trivial on
H ∗(
).
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Since G has cohomology only in even dimensions, the Borel spectral sequence collapses for
H ∗G(
), and shows that
GR(HiG(
;Z)) ∼=
{
(Z2n)n1+2n2 ⊕ (Zp)n2 if i = 2 (mod 4); i¿ 4;
(Z2n)n1+2n2 ⊕ (Zp)n1+n2 if i = 0 (mod 4); i¿ 4
and that
GR(HiG(M ;Z)) ∼=
{
(Z2n)b2+2 ⊕ (Zp)2 if i = 0 (mod 4); i¿ 4;
(Z2n)b2+2 ⊕ (Zp)b2 if i = 2 (mod 4); i¿ 4:
Comparison of p-torsion shows that n1 + b2 = 2. In particular, if b2 ¿ 3, Zp oZ2n cannot act
as we supposed.
The case of G = D∗2 is similar. The same analysis applies to show that 
 would consist of
n1 isolated .xed points and n2 spheres, and we compute:
GR(Hi(
)) ∼=
{
(Z8)n2 ⊕ (Z2 × Z2)n1+n2 if i ≡ 2mod 4;
(Z2 × Z2)n2 ⊕ (Z8)n1+n2 if i ≡ 0mod 4:
GR(Hi(MD∗2 ;Z)) ∼=
{
(Z2)4 ⊕ (Z8)b2(M) if i ≡ 2mod 4;
(Z8)2 ⊕ (Z2)2b2(M) if i ≡ 0mod 4:
When k ≡ 2 (mod 4), we .nd that 4+3b2(M)=2n1+5n2. And when k ≡ 0 (mod 4), we discover
that 6 + 2b2(M) = 3n1 + 5n2. Combining these equations, we see again that n1 + b2(M) = 2.
Finally, we consider the case G = Dp = 〈s; t | sp = t2 = 1, t−1st = s−1〉, when p is an odd
prime. Since Dp has two-dimensional representations, the situation near a .xed point can be
more complicated than in the earlier cases.
By Proposition 4, if the action of G is homologically trivial, then Fix(s) cannot be two-
dimensional near a global .xed point x0. Hence the local representation must take the form
s →
(
rp 0
0 (rp)k
)
; t →
(
1 0
0 2
)
;
where rp is an order p rotation of a 2-plane, 1 and 2 are 2-plane rePections, and k = 0modp.
In particular, t must .x a 2-plane, and the singular set of the Dp action near x0 is the union
of the images of Fix(t) under the powers of s.
The singular set 
 may have several components. Some, say n1, of them will contain global
.xed points. Suppose X is one such. Observe that any x ∈ Fix(t)∩Fix(sk t) for some k must in
fact be a .xed point for all of Dp, since these two elements together generate the group. Since
Fix(t) consists of a collection of isolated points and 2-spheres, and since around any .xed point,
Zp cyclically permutes the spheres, X must be a union of p 2-spheres intersecting in m ¿ 1
.xed points e01; : : : ; e
0
m of Dp. In one of the spheres, choose 1-cells e11; : : : ; e
1
m−1 connecting,
respectively, e0i to e
0
i+1. View the remainder of the sphere as a 2-cell. This determines a CW
structure on the sphere which extends equivariantly to a CW structure on all of X .
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The resulting Dp-equivariant chain complex for X takes the form:
0→ IndDp〈t〉(Z)
0→ (IndDp〈t〉(Z))m−1
@1→Zm → 0:
Also note that HomZ(Ind
Dp
〈t〉(Z); M) ∼= HomZ[Z2](Z[Dp]; M) ∼= Coind
Dp
〈t〉(M). It follows that, for
any coeMcient module M ,
H 0(X ;M)=M;
H 1(X ;M)=
⊕
m−1
(coker(M → CoindDp〈s〉(M)));
H 2(X ;M)=CoindDp〈t〉(M):
For notational convenience, we will abbreviate coker(M → CoindDp〈t〉(M)) by Ck(M). To calcu-
late H ∗(Dp;Ck(Z)), consider the coeMcient short exact sequence
1→ Z→ CoindDp〈t〉(Z)→ Ck(Z)→ 1
and its associated long exact sequence in cohomology. By Shapiro’s Lemma,
H ∗(Dp; Coind
Dp
〈t〉(Z)) ∼= H ∗(〈t〉;Z):
And with this identi.cation, the inclusion Z ,→ CoindDp〈t〉(Z) induces the restriction map
r∗ :H ∗(Dp;Z)→ H ∗(〈t〉;Z). Thus we have an exact sequence
· · · → Hi(Dp;Z) r
∗→Hi(Z2;Z)→ Hi(Dp;Ck(Z))→ Hi+1(Dp;Z)→ · · · :
And it follows that
Hn(Dp;Ck(Z)) ∼=
{
Zp if n ≡ 3mod 4;
0 otherwise:
Components of 
 which do not contain .xed-points are simpler. Aside from the n1 global
.xed-points, Fix(s) contains, say, n2 〈t〉-orbits of 2-spheres (containing two spheres each), and
n3 〈t〉-orbits of isolated points (containing two points in each orbit). And the rest of Fix(t)
contains, say, n4 2-spheres and n5 isolated points, each of which forms part of an s-orbit.
Hence
H 0(
;Z) ∼= Zn1 ⊕ (CoindDp〈s〉(Z))n2+n3 ⊕ (Coind
Dp
〈t〉(Z))
n4+n5 ;
H 1(
;Z) ∼=
n1⊕
i=1
(Ck(Z)mi−1);
H 2(
;Z) ∼= (CoindDp〈t〉(Z))n1+n4 ⊕ (Coind
Dp
〈s〉(Z))
n2 :
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Using Shapiro’s lemma, we .nd
Hn(Dp;H 0(
)) ∼=

0 if n is odd;
(Z2)n1+n4+n5 ⊕ (Zp)n2+n3 if n ≡ 2mod 4;
(Z2)n1+n4+n5 ⊕ (Zp)n1+n2+n3 if n ≡ 0mod 4;
Hn(Dp;H 1(
)) ∼=
{ n1⊕
i=1
Zp if n ≡ 3mod 4;
0 otherwise:
Hn(Dp;H 2(
)) ∼=
{
0 if n is odd;
(Z2)n1+n4 ⊕ (Zp)n2 if n is even:
Lemma 12. The spectral sequence for H ∗(
Dp ;Z) collapses.
Proof. The sequence has non-zero rows j = 0; 1 and 2 only, so it suMces to show that
the di0erentials d2 : E
i;2
2 → Ei+2;12 , d2 : Ei;12 → Ei+2;02 , and d3 : Ei;23 → Ei+3;03 vanish. But Ei;22
and Ei+2;02 vanish in odd dimensions, and E
i;1
2 vanishes in even dimensions. The conclusion
follows.
Proposition 13. If Dp (p odd; prime) acts locally linearly and homologically trivially on M;
then |Fix(Dp)|+ b2(M) = 2.
Proof. Let G =Dp. By Corollary 7,
GR(H 8(MG;Z)) ∼= Z2p ⊕ (Z2)b2(M) ⊕ Z2p:
And since the sequence for 
Dp also collapses, we have
GR(H 8(
Dp ;Z))∼=H 8(Dp;H 0(
))⊕H 7(Dp;H 1(
))⊕H 6(Dp;H 2(
))
∼= (Zn12p ⊕ Zn2+n3p ⊕ Zn4+n52 )⊕ (Z
(mi−1)p )⊕ (Zn1+n42 ⊕ Zn2p ):
By comparing the p-ranks, we .nd that n1 + 2n2 + n3 +
∑
(mi − 1) = 2. Since the action has a
.xed-point, n1 ¿ 1, so we must have n2 = 0 and n3 6 1. On the other hand, (Fix(s)) = n1 +
4n2+2n3. By the Lefschetz Fixed-point theorem, (Fix(s))=b2(M)+2. This is possible only if
n1 =n3 =b2(M)=1 or n1 =2 and n3 =b2(M)=0—in other words, when |Fix(Dp)|+b2(M)=2.
When b2(M)¿ 2, as we have assumed, there are no actions with a .xed-point.
Some of the calculations in this section assume that b2(M) ¿ 1, but for these groups the
case b2(M)=0 is easily handled by inspection. So if a rank 1 minimal non-abelian group acts,
then |Fix(G)|+ b2(M) = 2.
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6. The rank two and higher cases
Rank two groups have more complicated cohomology and representation theory than rank one
groups, so a direct analysis along the lines of the one we have just .nished is correspondingly
more diMcult. (In [13], we followed this line of attack, using localization in the case G=D4.)
But as we have observed, the minimal non-abelian groups of rank two each contain a normal
subgroup G0 isomorphic to Zp × Zp. If we denote by 
0 the singular set of the embedded
Zp × Zp action, then all of G must act on 
0. In [14], we studied Zp × Zp actions in detail,
and in particular, we showed:
Proposition 14. Suppose M is a closed; topological 4-manifold with b2(M)¿ 1 and H1(M)=0;
equipped with an e3ective; homologically trivial; locally linear Zp × Zp action. Except for
0xed-point free actions which exist in two cases:
(1) when b2(M) = 1; p= 3; and the action is pseudofree; or
(2) when M has intersection form
( 0 1
1 0
)
and p= 2;
the singular set 
0 consists of b2(M) + 2 spheres equipped with rotation actions; intersecting
pairwise at their poles; and arranged into a single closed loop. Each sphere represents a
primitive class in H2(M ;Z); and together these classes generate H2(M).
We shall assume in this section that either b2(M) ¿ 3, or b2(M) = 2, but the action has
a .xed-point. In either case, the lemma determines the structure of 
0. In particular, we can
observe:
If b2(M) ¿ 2, then adjacent spheres Si and Si+1 in 
0 must represent di0erent homology
classes. For Si intersects Si−1 once, while Si+1 does not intersect it at all. So a homologically
trivial action which leaves 
0 invariant, and .xes a point, must leave the individual spheres
invariant. And if b2(M) ¿ 3, then any homologically trivial action on M which leaves 
0
invariant must in fact leave each sphere in 
0 invariant, and .x their intersection points. For
the b2 + 2 spheres represent at least b2 di0erent homology classes.
It follows that the isotropy representation of G, which must be faithful, splits as a sum of two
two-dimensional rotation actions. This is possible only if G ⊂ SO(2)× SO(2). Thus actions of
the minimal non-abelian groups of rank two are ruled out, as are actions of any groups—even
abelian ones—of rank ¿ 3.
Example. As a contrast to the constraints which exist when b2(M)¿ 3, consider the action of
D4 on CP2 given in homogeneous coordinates by s : [x; y; z] → [ix;−iy; z], t : [x; y; z] → [y; x; z].
The .xed-point sets of each element are easy to calculate. If G0=〈s2; t〉, we .nd that 
0 consists
of three copies of S2 intersecting at their poles. The action of D4 exchanges two of the spheres
and leaves the one .xed by s2 invariant.
Notice that this action can be obtained from a linear action on S4 by an equivariant blowup
at one of the .xed-points. If we perform the same construction at the other .xed-point (with
opposite orientation), the result is an action on CP2 #CP2, in which 
0 consists of two spheres
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.xed by s2 and left invariant by the whole group, and spheres .xed by t and s2t, respectively,
which are exchanged by the action of s.
7. Proofs of the main results
A simple observation will allow us to generalize our results from .nite groups to compact
Lie groups:
Lemma 15. Every non-abelian compact Lie group contains a non-abelian 0nite subgroup.
Proof. A non-abelian compact Lie group G has a non-trivial Weyl group W = NG(T )=ZG(T ),
where T is a maximal torus. NG(T ) is itself a compact Lie group whose identity component T
is (of course) abelian. A structure theorem for such groups (see [10, Theorem 6:10] or [11])
states that there is a .nite subgroup E of G such that NG(T )= TE. In particular, there is some
h ∈ E of .nite order n, say, which normalizes T but does not centralize it.
Since Ad(h) acts non-trivially on L(T ), there is a closed one-parameter subgroup ?v such that
Ad(h)(v) = v. Choose k ∈ im(?v) of prime order p which is not .xed by Ad(h). Then k and
its conjugates under powers of h generate a subgroup Zp × · · · × Zp ⊂ T which is normalized
by h. Thus 〈h; k〉 ∼= (Zp × · · · × Zp)oZn is a .nite, non-abelian subgroup of G.
This brings us to our main result:
Theorem 16. Let G be a (possibly 0nite) compact Lie group; and suppose M is a closed
4-manifold with H1(M ;Z) = 0 and b2(M) ¿ 2; equipped with an e3ective; locally linear;
homologically trivial G-action.
(1) If b2(M) = 2 and Fix(G) = ∅; then G is isomorphic to a subgroup of S1 × S1.
(2) If b2(M)¿ 3; then G is isomorphic to a subgroup of S1×S1; and a 0xed-point necessarily
exists.
Proof. If an action by a non-abelian group exists, then by Lemma 15, an action by a minimal
non-abelian .nite group G0 exists. But we have seen that for every such G0 which acts, b2(M)+
|Fix(G0)|=2. The existence of .xed-points for abelian groups follows easily from the Lefschetz
.xed-point theorem and the result of [14] used in Section 6 above.
As a corollary of this theorem we recover the main result of [7]:
Corollary 17 (Edmonds). If a 0nite group G acts locally linearly; pseudofreely; and homolog-
ically trivially on a closed; simply connected 4-manifold X with b2(X ) ¿ 3; then G is cyclic
and acts semifreely; and the 0xed-point set consists of b2(X ) + 2 isolated points.
Proof. By Theorem 16, G must be abelian of rank at most two, and have a .xed-point. But if
G has rank two, it cannot act freely on the linking sphere to the .xed-point, and so cannot act
pseudofreely.
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Since CP2 #CP2 and CP2 # −CP2 have the same second Betti number, and both have diago-
nalizable intersection forms, our methods so far do not distinguish between them. Yet the latter
admits non-abelian group actions, while the .rst admits none—at least, according to Hambleton
and Lee [9], no smooth actions. One tool which does see the di0erence between the two manifolds
is the Atiyah–Singer G-signature theorem (see [2] for the smooth case, [19] for locally linear
actions), and we apply it here to extend Hambleton and Lee’s result to the locally linear setting:
Corollary 18. Let G be a compact Lie group with a locally linear; homologically trivial action
on a 4-manifold M whose integral cohomology is isomorphic to that of CP2 #CP2. Then G
is isomorphic to a subgroup of S1 × S1.
Proof. As before, we suppose G is minimal non-abelian. Theorem 16 implies that the action
must be .xed-point free. We briePy consider the possibilities:
(1) G = Zp o Zq, with q¿ 2. The arguments of Section 5 rule out these actions as before,
since H ∗G(M) must have period 2 or 4.
(2) G = Zp oZqn , with n¿ 1, or G = D∗2. As before, we show easily in the .rst case that q
must equal 2. Choose generators so that G = 〈a〉o 〈b〉. Then 
= Fix(b2) consists of two
spheres on which b acts by an order two rotation. Denote the .xed-points of this rotation
by x1; : : : ; x4, and the rotation angles of the b action around xi by ’i and  i. According to
the G-signature theorem, −∑i cot (’i=2) cot ( i=2) = *(g;M) = 2. But at each point, one
of ’i or  i equals , a contradiction. The same argument applies to D∗2.
(3) The dihedral group G = Dp = 〈s〉o 〈t〉. The G-signature theorem implies that some com-
ponent S ⊂ Fix(t) must have [S] · [S] = 0. But sS ⊂ Fix(sts−1), and since the action is
homologically trivial, [sS] · [S] = 0. So Fix(t) ∩ Fix(sts−1) = ∅. Together, these elements
generate G, so Fix(G) = ∅, a contradiction.
(4) G has rank two. Let G0 ∼= Zp×ZpG, and 
0 be as in Section 6. 
0 contains four spheres;
since they cannot all be left individually invariant by G, two opposing spheres are left
invariant and two are interchanged by some g ∈ G. Thus g .xes four points (two on each
invariant sphere), while g2 .xes two spheres. A contradiction follows just as in case 2
above.
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